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Abstract

An observer is interested by the physical properties (line frequencies, velocity of the gas) of a
source in its own reference frame. However, the observations happen in a different frame, namely the
topocentric frame for ground-based observations. This implies a change of frame to infer the physical
properties in the source frame from the measured frequencies in the measurement frame. Several
difficulties arise in astronomy: 1) the Earth ... To be completed.
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CLASS SPECTRAL AXIS 1. INTERPRETING THE SPECTRAL AXIS THROUGHT THE DOPPLER EFFECT

1 Interpreting the spectral axis throught the Doppler effect

1.1 Natural expression of the spectral axis in radio-astronomy

Typical radio-astronomy spectrometers (e.g., correlators or Fourier transform spectrometers) deliver the
brightness along a given line of sight at regularly spaced frequencies in the observatory frame. The spectrum
can be represented as a set of brightness temperatures 7'(i), where the frequency axis in the observatory
frame is defined as

FOP(0) = fomnea + (i — i0) 6., (1)

where f°P%(i) is the frequency at the channel i, fobs ,

the channel spacing.

the frequency at the reference channel i, and § f°P

1.2 Various approximations of the Doppler effect

The Doppler effect expresses that a source emitting in its rest frame at a frequency f**** will appear to
emit at a frequency f°P° in the observation frame, which depends on the velocity of the source in the
observation frame, v°. Sections 1.3 and 1.4 will show how this property can be used to interpret the
spectral axis measured in the observatory frame in terms of the property of the source in the source rest
frame.

1.2.1 The Special Relativity formula

For sources lying at cosmological distances, General Relativity should be used to express the Doppler effect
in order to take into account the effects of curvature of space. For a Euclidian cosmology where ¢y = 0,
the Doppler effect can be expressed with Special Relativity.

In this case, the relation between fr** and f°bs is given by

A /02 _ /UObSQ
fobs _ frebt (2)

c+ vﬁbs ’

: bs2 _ , obs?2 bs?2 bs b : :
with v°Ps" = vﬁ ST+ 09757, where vﬁ > and v{"® are respectively the velocity components along and perpen-

dicular to the line of sight. vﬁbs and v9P* are often called the radial and transverse velocity components.

1.2.2 Approximation 1: Neglecting the transverse Doppler effect when v°" < ¢

Astronomers have very little access to the velocity component perpendicular to the line of sight. They
will thus assign the observed Doppler shift to the line-of-sight motion, i.e., they will neglect the transverse
Doppler effect.

The formula 2 indicates that the dependency on vibs is of second order in v/c¢, while the dependency

on vﬁ’bs is only of first order in v/c. Hence, neglecting the transverse Doppler effect is correct as long as

(W) <« ? — (vﬁbs)2. (3)

In this case, the Doppler equation can be approximated to first order to

fobs — frest

In other words, the frequency change under a change of frame is attributed only to the radial velocity
between the rest and observation frame. We note that condition 3 is enforced if the velocities are non-
relativistic, i.e.

v < e (5)
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1.2.3 Approximation 2: First order developments and velocity conventions

As formula 4 is mostly correct when v°P® < ¢, we can as well continue to develop in v¢%*/c and limit
ourselves to the first order term. However, there are two ways to do this development, starting either from
the frequency Doppler formula (radio velocity convention) or from the wavelenght one (optical velocity
convention).

The radio velocity convention Starting from Eq. 4, we obtain to first order in Uﬁbs /c

obs __ rrest ibh
g (115, o

In this case, we can establish a linear velocity scale (see Sect. 1.3.2)
5f0bs
v (4) = 'U;’ybss + (i —ig) 0v°  with  §v°P = —Ce (7)
tuned
This linear velocity scale is only a first order approximation, which is called the radio velocity convention.
Indeed, it is well adapted to the radio spectrometer because 1) their natural output is a spectral axis
regularly spaced in frequency and 2) the radio velocity convention gives a linear relation between the
velocity and the frequency scale. This is why this convention is the default in CLASS.

The optical velocity convention Optical spectrometers (e.g., grates) naturally delivers a spectral axis
regularly spaced in wavelength. Eq. 4 can then be rewritten as

Aobs _ )\rest

The first order approximation gives

obs
)\obs _ )\rcst 1 UH 9
= +—. (9)

Following the same path as in Sect. 1.3.2 but now in wavelenght, it is easy to show that we can establish
a linear velocity scale proportional to the wavelength axis

5/\obs
obs/:\ __ _.obs - - obs : obs __
Vopt (i) = Vgysopt T (i —1p) 61}0pt with Jvopt = +c ot (10)
tuned

This velocity scale is called the optical velocity convention. The relation between this velocity scale and
the frequency spectral axis is non-linear. This is why it is not used in CLASS.

1.3 Interpreting the spectral axis in the local universe

Using the radio convention, the non-relativistic Doppler effect in the observatory frame can be written as

obs rest _ robs obs
v f o f
c - frest - frest ’

(11)

where v°P is the velocity of the source in the observatory frame, f°P% and f™*t are the frequency of the
measured photon in the observatory and rest frame respectively. v°P is positive if the source recesses and
the rest frame is defined as the frame where the velocity of the emitting gas cell is zero. Introducing the

doppler parameter d°®, we obtain
fObS obs : obs _— UObS
frest = 1 + d Wlth d = —T (12)
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1.3.1 Interpretation 1: At fixed v°"

Let’s assume that the same gas cell in the source emits two lines at different frequencies. We are at fixed
v°P% and thus d°P® because we consider the same gas cell. The frequency axes in the rest and observatory
frames are thus given by
fobs
rest __
1 + dobs

This means that the frequency separation between the two lines is different in the rest and observatory
frames. The modeller has easily access to the rest frame frequencies of the line. It is thus important to
display the spectrum frequency axis in the rest frequency axis. This can be achieved only for one velocity
(The reasoning is here done at fixed v°P%), which is by default assumed to be the systemic velocity of the

source in the observatory frame, i.e., the mean velocity of the source gas in the observatory frame, written

obs
Ugys -

As a convention, CLASS assumes that the tuned rest frequency and its corresponding observatory
frequency at the source systemic velocity are associated to the common reference channel 7g. CLASS then
displays the frequency axis in the rest frequency associated to the source systemic velocity through

(13)

st st 5t 5t 6f0bs bs vg}]’);
P = Sl + (0 = i0) 5 with 6t = 2 andaghy = 2 (14)
Sys

The plotted spectrum thus correctly displays the line at rest frequency positions, i.e., the brightnesses of
the gas whose velocity is equal to the systemic velocity in the observatory frame.

1.3.2 Interpretation 2: At fixed f*os

Let’s assume that the measured spectrum is made of a line centered around ftofrfed in the observatory

frame. The associated rest frame frequency, i.e., the frequency of the line at rest, will be frest . ];The
obs

observation is naturally set up so that the source frame is also the rest frame. This implies that f{7° 4,

rest | and vgﬁ’f are linked through
obe obs
fmed _ |y dgy with dgn = - (15)
tuned
The modeler will use the Doppler effect to interpret the observed frequency difference f°bs(i) — tolﬁfed

as a local velocity difference (projected along the line of sight direction) around the systemic velocity of
the source. Let’s write v°P(i) the velocity associated to f°*(i). The velocity difference will be noted

A’UObS(i) = UObs(i) o UObS (16)

sys *

In order to derive this velocity difference, we associate the velocity to each observed frequency through
the Doppler effect, i.e.,

obs [ obs/ -
Pl 1 am(y witn an(i) = - (1)
tuned
It is easy to deduce that
obs __ fObS(i)
AUObs(i) =c tuned — , (18)

tuned
i.e., the local velocity difference is proportional to the observed frequency difference. We can define a
linear velocity axis associated to the set of brightnesses, T'(i) as

5f0bs

rest
tuned

v (7) = vg’;): + (i —ig) 0v°  with  §v°P = —¢ (19)

This velocity scale is only meaningful locally, i.e., as long as the brightnesses can be associated to the line
rest frequency under consideration.
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1.4 Interpreting the spectral axis at high redshift

When the source is far from the observer, the radial velocity may become a sizable fraction of the light
velocity (because of the universe expansion) and the approximations of section 1.2 are not valid anymore.
However, Gordon et al. (1992) propose a solution based on the observational definition of the redshift.

1.4.1 The redshift: An observational quantity

In the first half of the twentieth century, optical astronomers noted that a source emitting in its rest frame
at a wavelength \"*5* will appear to emit at a larger wavelength A°PS in the observatory frame. To quantify
this phenomenon, they introduced the observational notion of redshift, z, defined with

APS = NSt (] 4 2). (20)

The redshift is a positive quantity that can become extremely large. It is straightforward to reexpress the
redshift using frequency instead of wavelength, i.e.,

frest

obs __
/ 14z

(21)

Some radio-astronomers used another definition of the redshift, called radio redshift, but this definition is
now deprecated and the optical definition of the redshift is today universally used.

The redshift is of course linked to the Doppler effect. We however stress that the redshift is an
observational quantity, independent of any mathematical expression of the Doppler effect. This is the key
point to understand the solution of Gordon et al. (1992).

1.4.2 Splitting the change of frame

Gordon et al. (1992) proposed to split the problem of high redshift sources by combining a double change
of frame with a change of interpretation of the spectral axis for each change of frame.

In the first change of frame, we consider a “local” observer in the source frame (i.e., having the same
systemic velocity viewed from Earth). This observer will interpret the change of velocities as changes
in frequency for a fixed rest frequency chosen as reference, frS' (see Section 1.3.2). Assuming that the
velocity of the gas in the source frame are non-relativistic, he can use Eq. 18 to convert from velocities
to frequencies in the source frame, i.e., the rest frame. The only differences in this case are 1) that the
observation frame is the source or rest frame, and 2) the notion of tuned frequency is replaced by the
notion of reference frequency. There is no tuned frequency in this thought experiment. However, just as
a convenience, we will note this reference frequency, fr¢st .. This yields

tuned*
rest _ frest/;
Avsou(i) =c tuned restf (l) (22)
tuned

The second change of frame goes from the rest/source frame to the observatory frame. The key point
here is that we are at fixed redshift. It could be said that we are at fixed v°", as in section 1.3.1, except
that for high redshift source, the observational quantity is the redshift and not the source systemic velocity.
We thus define the tuned redshift ziunea as

rest

Ztuned = %;ed - 1. (23)
tuned
With this definition, we write
frest(i) = fObS(i) (1 + Ztunea) With Vi, 2tunea = constant. (24)
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1.4.3 Interpretation 1: At fixed z and fixed fret

Combining Eq. 22 to 24, we yield
obs fobs(,i)

Av*° (1) = ¢ (1 + Ztuned) tuned rest ’
tuned

(25)

i.e., the local velocity difference in the source/rest frame is proportional to the observed frequency difference
in the observatory frame. We can define a linear velocity axis associated to the set of brightnesses, T'(4)
as

5f0bs

rest
tuned

v¥U(1) = (i —1p) 0v°°"  with dv°°" = —¢ (1 + Ztuned) (26)
This can be interpreted as follows. Let’s assume that the measured spectrum is made of a line centered
around 2 . in the observatory frame. The associated rest frame frequency, i.e., the frequency of the line
at rest, will be frt . If the tuned frequency at channel i in the observatory frame is set to the redshifted

uned*
frequency
rest

obs tuned
tuned — ) (27)
1+ Ztuned

the velocity axis defined in Eq. 26 can be interpreted as the local variation of the gas velocity in the

rest/source frame for the line whose rest frequency is ffest .

1.4.4 Interpretation 2: At fixed z and fixed v°"

Let’s assume that the same gas cell in the source emits two lines at different frequencies. We are at fixed
Ztuned because we consider the same gas cell. The frequency axes in the rest and observatory frames are
thus given by

frest = fObs (1 + Ztuned)' (28)

This means that the frequency separation between the two lines is different in the rest and observatory
frames. The modeller has easily access to the rest frame frequencies of the line. It is thus important to
display the spectrum frequency axis in the rest frequency axis. This can be achieved only for one redshift
(The reasoning is here done at fixed ziyned), which is by default assumed to be the systemic redshift of
the source in the observatory frame, i.e., the mean redshift of the source gas in the observatory frame.

As a convention, we can in addition assume that the tuned rest frequency and its corresponding
observatory frequency at the source systemic velocity are associated to the common reference channel 7.
The frequency axis in the rest frame is then defined as

freSt<i) — trﬁflted + (’L _ io) (SfreSt with 6frest — 6fobs (1 + Ztuned)- (29)

The plotted spectrum thus correctly displays the line at rest frequency positions, i.e., the brightnesses of
the gas at rest in the source frame.

1.4.5 Interpretation 3: At fixed f**** and fixed v°"

Let’s assume that we are interested to detect a given bright line, e.g., CO(1-0), at high redshift but the
redshift of the source is unknown and/or their would be a forest of this line at different redshift for the
same line of sight. We can also assume that the parcel of gas is at the same local velocity (an interesting
particular case being when the parcel of gas is at rest) in the different source frames corresponding to the
different redshift. We thus wish to associate a redshift axis to the set of brightnesses, T'(i). To do this, we
use

rest

z= —}‘;‘;ﬁd -1, (30)
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and, after differentiation,

rest 5f0bs §fobs Jysou
0z = _tOuTr;ed obs —(1+ Ztuned)2 Trost . (14 Ztuned) (31)
tuned Y tuned tuned
This yields
1+ 2
Ai) = ey (32)
1= (Z o ZO) 1+2tuned
rest psou K} obs
with  Ztuned = tO”T‘;Cd —1, dz= 1+ Ztuned) , and  0v™" = ¢ (1 4 Ztuned) gz (33)
tuned ¢ tuned

The sign in the definition of dz ensures that an increase of ¢ implies an increase of z(i). Moreover, the
non-linear character of this axis comes from the fact that the spectral axis is regularly sampled in frequency
unit while the adopted redshift definition is the optical one. We retrieve a linear axis

2(4) ™~ Ztunea + (¢ —40) 02z, only as long as (i —4p) 0z < (1 + Ztunea) or (i —7dp) §foPs <« ftofrfed. (34)

With current heterodyne detector in millimeter radioastronomy, the last condition is difficult to satisfy as
the radiofrequence bandwidth can cover a significant fraction of the tune frequency, at least in the 3 mm
band. The non-linear formula is thus useful in CLASS.

1.5 Validity of the radio velocity convention

1.5.1 Going from f°b to frest

In this specific transform, the velocity between the source/rest frame and the observatory frame (i.e., the
source systemic velocity in the observatory frame v2b%) is fixed. This implies that the Doppler effect can

sys
be written as

frest b N gbss
Fobs = f(dgys) with dgS = _Ty. )

obs

The first thing is that this transform is always linear. However, its physical interpretation in term of vy

is different in the two following cases.

Case 1: High redshift universe This case is dealt with the redshift, i.e.,

£(dgy?) = 1+ 2(dgys).- (36)
As stated before, the redshift is before all an observational quantity. This means that the complex
relationship between dg;f and z is hidden to the observer. This implies that the transformation between
the observatory frequency scale and the rest one is straightforward and “exact” as a function of redshift,
i.e., independent of the interpretation as a function of v;’;,’:

Case 2: Local universe In contrast to the previous case, the observer is used to express the Doppler
as a function of the source systemic velocity in a local frame (observatory or Local Standard of Rest).
Changing the frame to interpret the frequency axis must thus use a given approximation for the Doppler
effect. As long as d°PS, < 1, we can use the Special Relativity formula, i.e.,

vSys
11—z
fSR(x) = 1 g . (37)

Using the radio convention is an additional approximation in which

1
1+z

fre(r) =
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The difference in the rest frequency between the two approximations is

rest frest fobs [fS (dObS) —f C(dObS)] (39)
This just means that the same observed spectrum will be assigned two different systemic velocities, vcs)'l%f
obs obs

and vRes, depending on the level of approximation used. In other words, if an observer uses v3p’ as systemic
velocity to interpret a spectrum observed with the radio velocity convention, he will find that the lines
appear at slightly different rest frequencies in a way that can be interpreted as a wrong systemic velocity.
He will thus fit another systemic velocity and find vg%. The relation between the two associated doppler

factors (dgb® and dg%) is of course
/1 +dgy
bs _
dRe = dobg -1, (40)

and, using the Taylor expansion in z = 0,

dobs dobs dobs

dob% S2R + O(dObs) (41)

As d?,g’;s < 1, this is a negligible difference in the systemic velocities, i.e., the radio convention is good
enough.

Nevertheless, the main use case is the following one. A “naive” observer got time at a given observatory
that uses the radio convention to make a follow-up from an observation acquired in another observatory
that uses the special relativity formula. The difference in rest frequency can easily be measurable as it is
proportional to the tuned frequency. He probably does not understand the subtleties between the different
approximations of the Doppler effect. He will then start to ask around what is wrong. This means that
the problem is mainly an interface issue between the different observatories. The easiest solution to this
problem would be to use the current standard in (radio-)observatories (What about ALMA, VLA, GBT,
APEX). If most of them uses the special relativity formula, IRAM should probably also adopt the special
relativity formula.

1.5.2 Going from the frequency to the velocity axis

The velocity scale is only meaningful locally (i.e., at small values of (i — ig)dv) around a given rest
frequency, fret. It is thus legitimate to use a linear relation between the frequency and the velocity axis.
There are 3 possibilities depending on the approximation used to defined the systemic velocity. We stress
that all these possibilities are equivalent for observations of the high redshift universe because, in this case,

obs obs
Ugys and thus d)s are zero valued.

Solution 1: The radio convention is used to define both vg}?ss and 6v°"  This is the simplest case,
which is currently implemented in CLASS. It is defined as
] ] ) obs
v (1) = v + (i — i) OuRY  with Sud% = —¢ f;t (42)
tuned

The radio convention is the result of the first order term of the Taylor expansion at x = 0 of

1 1+
fSR(x) a 1-— l" (43)

To check the accuracy of the approximation on (5vﬁbcs, let’s use the next term in this Taylor expansion, ¢.e.,

1
+x:1+x+£.

1—=x 2 (44)
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Differentiating this equation, we obtain the first order correction to the velocity channel width

dobs

A(S obs — _§v obs
RC TH gk

(45)
Let’s now assume that we want an accumulated error over n channel to be less than a given tolerance T.
This yields
,Uobs c
sys — n
T T 1

(46)

This is the criterion to change from the local universe representation (using v%?ss) to the high redshift

universe (using z). If we want a tolerance of one tenth of channel (i.e., T'=1/10), we obtain

e v < 3000kms~! for n = 10, i.e., 1000kms~! wide line at 100kms~! resolution (e.g. local

sys
galaxies);

;’;)g < 300kms~! for n = 100, i.e., 10kms™! wide line at 0.1kms~! resolution (e.g., a local GMC);

. vg’}‘,’f < 30kms™! for n = 1000, i.e., 100kms~! wide line at 0.1kms™! resolution (e.g., a Galactic
outflow).

This does not seem enough.

obs

se but the radio convention is kept to define

Solution 2: Special relativity is used to define v
dv°Ps  This gives
§f0bs

rest
tuned

VoS (i) = vSRS + (i —dg) SvRY  with R = —¢ (47)

obs

The accuracy of the approximation around vgg’ is the same as in the previous case.

Solution 3: Special relativity is used to define both vé’}‘,’; and §v°P  If special relativity is used to
define vg’;, we would have a more consistent solution by linearizing the above equation at x = ;’J,’ss /c.
It is easy to yield
obs obs obs obs gfors obs dgslfas?
v (i) = v3R + (i —ig) 6v8y  with v8y = —c——— (1— dsys) 1 +dobs. (48)
tuned sys

I still need to check how the accuracy of the linearization is improved.

1.6 Handling the local and high redshift universe with the same formalism

In view of the importance of the high redshift studies in today radio-astronomy, it is desirable to handle
the observation of high redshift sources in a better way than just replacing the rest frequency by the
redshifted frequency at observation time as it is done today at IRAM. It would be better to generalize the
formalism to handle both the local and high-redshift universe observations.

In this generalization, the spectral axis would be described with 3 parameters (frest, vsoﬁss, z) with the
convention that vo;’s = 0 when z # 0, and vice-versa. This would enable to keep the information about
the redshift and the rest frequency when observing the high-redshift universe.

10
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1.7 Using the radio velocity convention
In this framework, the generalization is straightforward. The frequency axis can then be described with

obs

r . r res . T 14 Ztuned Vsys
PN = Fifa (= i0) 6™ with 6™ = 6/ St and = -, (49)
And the velocity axis with
(SfObS
(i) = vl + (i —ig) v with 6v = —c (1 + Ztuned) Frec— (50)
tuned
The velocity axis is given in the observation frame (i.e. v = v°* and §v = §v°*) when v3s # 0, and in

the source/rest frame (i.e. v = v*°" and dv = Jv°°") when z # 0.

1.8 Using the special relativity formula

The generalization is slightly more complex. I will derive the formula once some choice is made about the
question raised in the previous section.

2 Heterodyne receivers and signal/image frequency axes

2.1 USB and LSB frequency axes in the observatory frame

Heterodyne receivers mix a local oscillator frequency, fgs, to the astronomical signal to transfer the
frequency axis from high radio frequencies, fﬁ%ﬂ to low intermediate frequencies, f38®, which are then
suitable for easy electronic processing. A consequence is that two bands of radio frequencies, namely the
lower side band (LSB) and the upper side band (USB) are mixed in the observed spectrum, i.e., the set
of brightnesses, T'(i), are associated to one IF frequency axis and two RF frequency axes linked through

IOPPS(Z) = SBsign [ I?L%S(Z) - fgs] (51)
with SBg,, = —1 for the RF frequency axis belonging to the lower side band (LSB) tuning and S By, =

+1 for the RF frequency axis belonging to the upper side band (USB). The measured spectra is thus in
the IF axis and Eq. 1 must be modified as

Ob%( ) Obl)tquned + (Z - ZO) 6fIOFbg’ (52)

with
obs =SB obs _ fpobsy _ t 53
IFtuned = sign( RFtuned LO) = cste. ( )

The constancy of fgPs . is a property of the heterodyne receivers. Combining the last 3 equations, we
yield

b b b b

R S( ) (fo ¥ + SBmgn I()Ftsuned) + Slegn ( )6f0 . (54)

2.2 Signal and image frequency axes in the observatory frame

The RF tuning frequency, ﬁ%stuned, can be choosen in either band. This band is called the signal band.
The other band is then called the image band. The associated RF frequencies are written fs"igs and fobs.
We obtain

bs (- bs bs : bs b bs
soigg(z) = soig?tuned + SBblgIl ( ) 6f0 ° with bolgstuned = fo y + SBsign othuned7 (55)
and
obs/:\ __ robs SB. . . 6 obs ith — obs —SB. obs 56
ima(z) — Jima,tuned — sign ( ZO) fIF w1 flma tuned — sign J IFtuned* ( )

11



CLASS SPECTRAL AXIS 2. HETERODYNE RECEIVERS AND SIGNAL/IMAGE FREQUENCY AXES

The sign of the product SBy,, f55s is arbitrary. Indeed, it only defines how the brightnesses are ordered
in memory, i.e., whether the frequency increases or decreases when i increases. It thus is simpler to
assume that this product is always positive. This implies that the signal frequency increases and the
image frequency decreases when i increases. In other words, we adopt the convention that the signal
brightnesses are ordered by increasing frequency when 4 increases, i.e., the product SB..._d fﬁ?s is always
positive.

As the absolute value of SBgey is 1, we will greatly simplify the equations by replacing SB
with & f5>* with the convention that 6 f5** > 0 in Eqs 55 and 56. We can then rewrite them as

sign

obs
sign 5fIF

bs/ - b . . b. : b — fob bs
s?igs (7’) = soig?tuned + (Z - Z0) 6fIOFS with soig,stuned = EOS + SBsign IOFtbuned’ (57)
and
bs(,; bs : : bs : bs _ fpobs bs
i?nZ(Z) = i(l)rn;,tuned - (Z - 7’0) 5fIOFb with i(;n;,tuned = EOb - SBsign I()Ftbuned' (58)
with
SFePs > 0. (59)

2.3 Signal and image frequency axes in the rest frame

The discussion of Section 1.3.1 is still valid for both the signal and image frequency axes. Eq. 14 can easily
be rewritten

Sr;git (Z) = sriegs,ttuned + (Z - ,LO) 5frest’ (60)
and
lrxifat(z) = irlflsat,tuned - (Z - iO) 5fm5ta (61)
with . .
5 febs voos
rest __ IF obs __ _ Sys
dfrest = T dots and  d)S = p (62)
:i‘gsftuned is simply the tuning frequency entered by the user. However, i’fimned must be computed. The
easiest way is to define the side band separation as
bs — b b
SBsoeps = SBsign [ soig,stuned - fi?ns,tuned:l . (63)
It is straightfoward to show that it is constant and equal to
bs bs
‘S’Bs?eps = cste = 2 fIOFtbuned’ (64)
In the rest (source) frame, the following relations hold
obs q obs 4
sig,tuned bs ima,tuned bs
rest =1+ dgy; rest =1+ dgy:' (65)
sig,tuned ima,tuned
The side band separation in the rest frame is defined as
SBig;t = SBsign [fsri(;ttuned - irris';,tuned} . (66)
It is then straightforward to show that
SBey =SBt [1+ %], (67)
and N
obs
.restt q= r.es‘i q— SBSGP (68)
ima,tune sig,tune .
& SBsign [1 + dg}l/){f:l

12



CLASS SPECTRAL AXIS 3. EARTH MOVEMENTS

3 Earth movements

3.1 Periodic shift and dilatation of the rest frequency axis

For a Earth-based observatory, the observed velocity of the source changes with time due to the rotation
of the Earth around its axis and around the sun. This implies that the change from the observatory to the
rest frame varies with time. The frequency scale in the observatory frame is fixed by the hardware. The
frequency scale in the rest frame thus changes with time in two different ways, a shift and a dilatation.
The tuned rest frequency is shifted, while the frequency resolution dilates the frequency axis around the
tuned frequency.

If nothing is done, averaging spectra to increase the signal-to-noise ratio would imply first a resampling
to align the observed frequency scales. It is desirable to avoid this because resampling has many unwanted
side-effects, as round-off errors or introduced correlations of the noise levels between channels (see IRAM
Memo 2009-4). We present here hardware solutions to this problem.

3.2 Stopping the periodic shift

As the systemic velocity of the source in the observatory frame varies with time in a predictable way, the
radio-observatories tune the local oscillator frequency in order to stop the shifting of the observed frequency
scale. For instance, the relation between the observatory frequency and the LSR (Local Standard of Rest)
frequency is

obs Isr
0208 —
flsr — fobs + frest sys sy57 (69)
c
because
Uobs ,Ulsr
fobs _ frest <1 __ _sys > and flsr _ frest <1 o Sys> . (70)
c c
Thus adding [SBSign Jrest (vghs — vlk) /] to the local oscillator frequency makes the signal frequency

appear as if it was measured in the LSR frame. All the velocities are then expressed in the LSR frame
instead of the observatory frame.

However, there is a single local oscillator frequency. Let’s assume that the correction is done at the
tuned signal frequency, i.e.,

obs _ ,lsr
;isé,tuned = fsc;g,stuned + ;iegs,ttuned w (71)
The correction which is applied to another frequency is then
obs __ vlsr
flsr(i) = fObS(i) + sriegs,g;uned %7 (72)

while the correction that should have been applied to another frequency is

' . ' ,Uob§ o lsr
flsr(z) _ fObS(’L) 4 freSt(Z) sys - SyS. (73)
The difference (or error) is
S . . s Ugbss - ;Srs
Aflbr(z) _ (Z o ZO) 6fl‘ebt Y . Y . (74)

The correction is thus exact only in i = ig, i.e., for the tuned signal frequency!. All the other signal
and image frequencies oscillates with time with a frequency amplitude which linearly increases with the
distance to the reference channel. In other words, this corrects only the global frequency shift, not the
dilatation around the reference channel.

n fact, there often are several local oscillators in a radio-observatory. At the Plateau de Bure Interferometer, two of
them are used to stop both the signal and image tuned frequencies. This was useful at the time when the 1mm receivers
were double-sideband and the sideband separation was obtained with Walsh phase modulation/demodulation.

13



CLASS SPECTRAL AXIS 4. cLASS IMPLEMENTATION

Table 1: CLASS header parameters used to describe the frequency/velocity axes and their translation in
this document.

CLASS name  Unit Translation Notation
nchan — Number of channel —
rchan — Reference channel 0
restf MHz  Tuned signal rest frequency — fisst,
image MHz Tuned image rest frequency tomed ima
fres MHz  Observatory channel spacing g froeas
vres kms™! Velocity channel spacing dy™meas
voff kms~! source systemic velocity Vgye

doppler — Doppler factor dneas

sys

3.3 Stopping the periodic dilatation

At TRAM-30m, G. Paubert proposes to stop the periodic dilatation in the rest frequency by adapting the
channel spacing of the spectrometer frequency comb in real time. This in combination with LO tuning
will stop all temporal variations of the frequency axis, removing the need for resampling when averaging
spectra observed at different time of year.

This proposition is equal to a change of reference frame for the channel spacing. Due to hardware
limitation, this change of frame can only be done from the observatory to the barycentric frame. This
implies that adaptation of the frequency channel spacing when going from the barycentric frame to the
source rest frame will still be needed.

4 CLASS implementation

4.1 The header parameters

Table 1 describes the CLASS header parameters used to describe the frequency/velocity axes and their
translation in this document. The signal and image frequency axis are given in the source (rest) frame by

sie (1) = figtunca + (i —i0) O™, (75)
and
il;(relsat (Z) = irr'flsat,tuned - (Z - ZO) 5frest’ (76)
with 5f
meas Umeas
§ rest __ IF d dmess — _ Sys 77
f 1+ Jmeas an sys c ’ ( )

sys

where 0 f{p°* is the frequency channel spacing , and vgc™ is the source systemic velocity in the measurement

frame. The corresponding velocity axis in the measurement frame is thus given by

6fmeas
—C

,Umeas (Z) — vsr‘(;:as + (Z _ ZO) 5,Umeas With (;,Umeas —

(78)

rest
tuned

4.2 The MODIFY FREQUENCY command

This command is used to assign a new rest frequency to the current spectrum. The velocity axis is
thus recomputed to set the source systemic velocity at this new rest frequency (see Section 1.3.2). For
consistency the description of the image frequency axis must also be changed.

This command exists because the line rest frequency is sometimes more uncertain than the spectrometer
resolution, implying that the line appeared at velocity different from the source systemic velocity. Nowdays,
the bandwidth of the receivers is moreover so large that many lines appear in the same spectrum. For this

14



CLASS SPECTRAL AXIS 4. cLASS IMPLEMENTATION

latter use case, the only way to associate the right velocity to different line rest frequency is to use this
command.
4.2.1 Signal frequency axis

The signal frequency axis stays constant under this transform. Only its description changes. This can be
written as

se (1) = figoa + (0 —io,0la) 6, (79)
= sricgs,tnew + (Z - iO,new) 5frCSt’ (80)
with 6fmeas
6frest _ IF . (81)
1+ dmeas

It is then easy to deduce that only the reference channel must be changed as

rest __ frest a
Z'O,new = 7:0,01(21 + WWW (1 + dg;ias) (82)
OfiF
4.2.2 Image frequency axis
The image frequency axis must also be kept fixed. This implies
ﬁi?(@) = irrfiat,old - (l - io,old) 5freSta (83)
irrisat,new - (l - iO,DeW) 6fr85t’ (84)

We thus yield for the new tuned signal and image frequency the following relations

rest _ rest . . rest
sig,new sig,old + (lo,new - ZO,Old) 5f ) (85)
rest _ rest . - rest
ima,new ima,old — (’LO,HEW - ZO,O]d) 6f . (86)
Adding them gives
rest rest __ grest rest
ima,new + sig,new — Jsig,old + fima,old' (87)

This relation can be used to computes the new image frequency. It can be interpreted as the LO tuning
frequency is kept fixed under the transformation. But the side band separation changed.
4.2.3 Velocity axis

The reference channel of the velocity axis was already changed. It only remains to recompute the new
velocity resolution associated to the new rest frequency

5fmeas

meas __

Ve = —Coo—— (88)
ima,new

4.3 The MODIFY VELOCITY command

This command is used to assign a new source systemic velocity to the current spectrum. This command
is used when the line rest frequency is known very accurately but the line appears shifted. This implies
that the source systemic velocity is slightly offset (see Section 1.3.1).
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CLASS SPECTRAL AXIS 4. cLASS IMPLEMENTATION

4.3.1 Principle

Changing the source systemic velocity is a change of source reference frame. The signal and image frequency
scales in the measurement frame must stay constant under this transform. However they change in the
source reference frame. Indeed

meas __ meas rest __ meas rest
f - (1 + old ) old — (1 + dnew ) new? (89)
with 'Umeasld meas
meas __ Sys,0. meas __ Sys,new
old — T and dnew - c . (90)
Hence

meas
rest __ prest 1 + dold
new — Jold 1+ (Jmeas

new

4.3.2 The signal frequency axis

The rest signal frequency must be kept fixed. Indeed, the user is trying to characterize a line at the rest
signal frequency. But the rest frequency axis changed

rest . _ rest . . rest

sig,new(z) - sig,tuned + (7’ - ZO,HEW) 4 new (92)

1 -+ gmeas
old

1 + (dmeas :

new

= [ ;i(?gjttuned + (7’ - i0701d) d (ﬁfgt] (93)
This equality must be true whatever ¢. This implies that the reference channel and the frequency resolution

must be recomputed with
rest

- - sig,tuned meas meas
20,new = 20,0ld + 7§ fmeas [dnew — Qold ] ) (94)
old
and
1 4 meas
rest __ rest old - meas __ meas
6fnew - 5f0 2.€., 5fnew - 6f01d . (95)

1d 1+ dmeas’

new

The last equation just indicates that the channel spacing, which were measured in the measurement
frame, did not changed. Indeed, this is the source frame (and not the measurement frame) which is
changed through this transformation. The equation for the computation of the rest frequency resolution
from measurement frequency resolution is the usual one (Eq. 14).

4.3.3 The image frequency axis

Now that the reference channel has been computed to keep the rest signal frequency fixed, the only free
parameter to compute the new image frequency axis is the tuned image frequency.

rest - _ rest - - rest
ima,new(l) - ima,tuned,new (/L - ZO,H‘SW) 4 new (96)
1 4 dmeas
. rest . . rest old
= [ ima,tuned,old — (7’ - 7’0701d) 4 old } 1+ dmeas” (97)
new
meas meas meas
rest __ gprest 1+ dold __ grest dnew — %old (98)
ima,new — Jima,old 1 + gmeas sig,tuned 1 + gmeas

new new
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4.3.4 The doppler factor

Note that the systemic velocity is often given in a different frame (LSR, heliocentric) than the measervatory
frame. As long as the new systemic velocity is given in the same frame as the old systemic velocity, it is
possible to compute the new doppler factor from the old one. Let’s assume that the systemic velocity is
given in the LSR frame. We have

meas Isr meas Isr
meas __ Vlsr + Usys,old d gmeas — _ Ulgr + Usys,new (99)
old — an new .
C &
Subtracting both equation gives
,Ulsr = ,Ulsr
5y'S, Sys,new
s = g 4 Svmold e, (100)

4.4 The MODIFY REDSHIFT command
This could be added.

4.5 The CONSISTENCY command

This command is used to check whether all the spectra in the CLASS current index are consistent. In
particular, checking their spectroscopic information ensures that their spectral axes are aligned before,
e.g., averaging the spectra. The consistency status helps CLASS commands or the end-user to decide
whether further processing can be done channel by channel, or whether resampling is needed to realign
the spectra channels.

The spectroscopic consistency aims at checking the alignment of both the signal frequency and the
velocity axes. What should be done with the image frequency axis is unclear as it depends on the kind of
data (e.g., DSB spectra). One kind of X axes is considered to be aligned when the four following conditions
are fulfilled:

1. The left edges of the X ranges covered by the spectra are the same to a given tolerance;

2. The right edges of the X ranges covered by the spectra are the same to the same tolerance;
3. The spectra have the same number of channels;

4. The resolution sign is the same.

The tolerance in the two first conditions is set to a fraction of channel (typically 10%). It is not yet
customizable by the user. These two conditions ensure that the whole X range covered by all the spectra
are identical within the accepted tolerance (including the dilatation due to the doppler effect that may vary
from spectrum to spectrum). Combined with the third condition, this yields a identical resolution within
the accepted tolerance. In particular, these three conditions tolerate a consistent shift in the reference
channel and physical value at the reference channel. Finally, the last condition ensures that all the X axes
increase or decrease in the same direction, channelwise. In the CLASS implementation, the tests 3 and 4
are done first, and only once for all kind of axes. The conditions 1 and 2 are then applied successively for
the signal frequency and the velocity axes.

5 The situation at the IRAM-30m

5.1 Velocity conventions

For historical reasons, the velocity convention used to stop the periodic shift due to Earth rotation (see
Sect. 3.2) is the optical convention at the IRAM-30m. Let’s assume that the systemic velocity of the source
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is given in the radio convention as it is the natural convention for radio-observatories (see Sect. 1.2.3).
The tuned frequency in the observatory frame is thus

rest

obs _ tuned
ftuned,opt - pobs ) (101)
sys
c
while it should be
’UObS
obs __ rrest sys
tuned,rad — Jtuned 1- c . (102)

The output spectrum will appear shifted in the observatory frame by

obs obs
obs _ fobs __ rrest 1— USyS _ 1 __ _ grest USYS 1 (103)
tuned,rad tuned,opt — Jtuned pobs - tuned obs *
¢ 14+ == c 1 4 Levs
c c
And the signal frequency in the rest frame is shifted by
obs?2
rest rest _ rest sSys
sig,tuned,rad ~ Jsig,tuned,opt — ~ Jtuned 2" (104)
1— dobs
Sys

At 115 GHz, this gives a shift of 3.2 kHz for a velocity of 50kms~! and 1.3 MHz for a velocity of
1000kms~!. Hence both Galactic and extra-Galactic measurements are affected in a measurable way.
Nevertheless, this can be measured only by comparison of the lines measured at the IRAM-30m with other
radio-observatories.

We recommend that the 30m changes the formula it uses to stop the periodic shift due to Earth rotation
and now use the radio convention.

5.2 Systemic velocity in different frames

The previous equations assume that the systemic velocity is given in the same frame as the frequency
channel spacing. However, at the 30m the systemic velocity is usually given in the LSR frame (as requested
by the user) and the channel spacing and the doppler factor are given in the observatory frame.

On one hand, the rest frequency scale is correctly computed by CLASS because the channel spacing and
the doppler factor are given in the same frame. On the other hand, the velocity scale is only approximated
because the source systemic velocity is given in another frame, most often the LSR frame.

The end-user (astronomer) is interested with the velocity scale in the LSR frame

) K} Isr
V(i) = vl 4 (i —ig) 0™ with 6™ = —¢ f - (105)
tuned
But he actually gets
6f0bs
V(i) = vk 4 (8 — o) 6v° with 60" = —e—— (106)
tuned
The relative error can be expressed as
B} obs __ 5 Isr ) obs 1 +disrs
v CACP S (107)
Julst d flsr 1+ dgbs
We yield to first order in v/c
§ obs __ ) Isr ,Ué)bss _ ésrs
v Y L LTI (108)

Jvlsr - c
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If we tolerate an error of 1/10th of a channel on the velocity, this implies that the velocity scale is correct
for about 1000 channels around the systemic velocity. This translates into ~ 250kms~! at 1mm for
a spectral resolution of 195kHz. This means that the interpretation of the velocity scale of Galactic
observations is correct. On the other hand, this could be a problem for extra-galactic observations at
extremely high spectral resolution, assuming that the observers do not first downsample their spectra to
increase the signal-to-noise ratio per channel...

The easiest way out of the problem would be to write the parameters of the header in the LSR frame
in the calibration software that writes the CLASS observation with

1+ dObS 5flsr ,Ulsr
5 Isr S obs Sys S Isr d dlsr —1— . 109
= T ey ™ z e

In other words, we trick CLASS into thinking that the measurement frame is LSR, while the true measure-
ment frame was the observatory.
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Question: What about the image frequency? Should it be changed as in the

case of the MODIFY VELOCITY command?
sk ok sk ok ok s ok oK 3 ok sk ok ok 3 ok ok 3 ok sk ok ok ok ok sk ok ok ok ok sk sk ok s ok ok ok sk sk ok ok ok o ok sk sk ok s ok ok ok sk sk ok ok ok ok sk sk ok ok ok ok ok ok K

6 Conclusions
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